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The purpose of this article is three-fold: to demonstrate the interface between the 
theory of scaling and graph theory, to determine the class of unidimensional graphs, 
and to provide a method for analyzing data which consists cf both dominance and 
indifference relations. 
The most definitive work on the subject of data analysis is Coombs’ (1976) A 
Theory of Data in which eight types of data are described. The eight data types arise 
from three defining dichotomies, one of which separates the data in terms of 
whether the obtained relations demonstrate dominance or indifference (termed 
proximity by Coombs). Let us assume, without loss of generality, that we have 
decided upon the method of paired comparisons for data collection. Under usual 
circumstances, when presented with two stimuli (or sets of stimuli, hereafter 
referred to simply as stimuli) the subject is asked to answer one of two questions. 
Either the subject must indicate which of the two stimuli dominates (is preferred to, 
is greater than, contains more of some aspect, etc.) the other, or the subject is asked 
whether or not the stimuli are proximal (similar, indistinguishable, within some 
indifference threshold of one another, etc.). There ..:ire numerous ways of handling 
data thus obtained (cf. Coombs, 1976 for a complcrte treatment). 
Scaling analysis has primarily relied upon data cclnsisting of either dominance or 
indifference relations, but not both. It is sometimes the case that both types are 
collected, but only one analyzed. In one such study by Coombs and Coombs (1977) 
both types of data were collected and separately anialyzed using different methods. 
It was found that similar scales were obtained under both circumstances. Two 
implications of this experiment and its results should be mentioned. First, both 
types of data are meaningful in the sense that they are compatibly generated from 
the same underlying scale. And second, the me(.tsures of quality of the scales 
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&t&t@ from separate analyses do not reflect the congruence between the subset of 
tk &~a initially analyzed and the remaining part, ignored in the first analysis, 
which reflects other aspects of the same scale. In a sense, we are throwing away part 
of OUI knowledge, and the measure of quality obtained is therefore inaccurate. In 
w cl(tfcmc, the disregarded portion may conflict with the retained part leaving us 
with faulty conclusions and a meaningless scale. 
Graph theorists have handled the problem in a similar manner. In particular, 
there is a dichotomy in the research dealing with graphs (consisting solely of lines 
which may represent the indifference relation) and digraphs (consisting solely of 
direct& lines called arcs which have been used to represent the dominate relation). 
Harttry (1969) and Roberts (1979) have thorough treatments of these separate cases, 
but again no synthesis occurs. 
The gist of these arguments is that both types of data should be included in the 
analysis. We begin with some definitions. Let the stimuli be represented by lower 
case letters, e.g., x, y, 2, IV, etc. We say that stimulus x uominates stimulus y, written 
XDy, whenever the number assigned to x on the unidimensional scale, written&), is 
strictly greater than the number assigned toy by some arbitrary amount, call it t, the 
8hreshold value. In symbols, xDy if and only if f(x)>fot) + t. We say that two 
stimdi we indifferent, written xiy, whenever their corresponding numerical values 
on the unidimensional scale are ‘close’ to one another, i.e., within the threshold 
mount I of each other. In symbols, x1y if and only if If(x) -J(y) ] I t. 
G~VCSI these definitions, we wish to determine what characteristics the stimuli need 
to possess in order to insure a numerical represention on a unidimensional scale. For 
a finite set of stimuli, the following conditions do the job: 
(1) not xDx 
(2) if xDy and zDw, then either X.W or zDy 
(3) if xDy and yDz, then either XDW or WDZ. (Coombs, Dawes and Tversky, 
1970). 
Tbi~ is the representation theorem for semi-orders developed by Scott and Suppes 
(19%) and first dkussed by Lute (1956). These conditions have a simple analog in 
graphical form, namely that xDy and zlw may be represented by an arc from x to 
Y asd by a line between z and w, respectively. The conditions for the representation 
caft be illustrated graphically in the form of restricted or forbidden subgraphs. This 
set of five forbidden subgraphs may be rewritten in matrix notation, where a one.( 1) 
is placed in the (&j) cell if stimulus i dominates stimulus j, a zero (0) if i and j are in- 
different, and a minus one ( - 1) if j dominates i. In this form it is possible to con- 
struct a vef~ simple aIgorithm to determine whether or not a particular set of data or 
a specific graph is unidimensiona’l. One such algorithm is as follows. For all stimuli 
k&k, and m”, 
(1) r&?ct unidimensiomality (RU) if any (i,i) cell contains a one or a minus one 
(2) for every (41) cell containing a one: 
(a]~ if ~,k)contain~ a one, RU unless (i, k) also contains a one 
(b) if (,j, k) an& (6, k) both contain ones, RU if (i, m), (j, m) and (k, m) all contain 
zeros 
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(c) if (k, m) contains a one, RU if (i, k), (i, m) (j, k), and (j, m) all contain zeros. 
It is hoped that the results presented here wilr! stimulate additional research on 
topics of mutual concern to psychologists, survey researchers, and mathematicians. 
One avenue might be to look into other types of data described by Coombs (1976). 
In fact, Roberts (1979) has already begun. It also seems natural to expand the 
present results to include some measure of quality, i.e., the minimum number of 
cells in the matrix which would have be changed in order to obtain a unidimensional 
representation, perhaps also taking into account the types of change needed (f;om a 
one to a zero seems less severe than to a minus one). The possibilities seem endless. 
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